MA2213 Numerical Analysis |

Single-precision floating point format: 1/8/23 (sign/exponent/mantissa)

Sign bit is 1=negative, O=positive. Actual exponent is obtained by subtracting 127.

Denormalized numbers: exponent=0 is denormalized. Then the actual exponent is -126, and implicit digit is O instead of 1.
There are 2/24-1 different denormalized values, because +0 and -0 are the same meaning.

Largest number: exponent = 0b11111110 (actual exponent is 127), mantissa = 2223-1; because exponent=0b11111111 is
special meaning (inf and nan, both have +ve and -ve versions). X/0b11111111/0 ==inf, X/0b11111111/!0 == nan
Significant digits: p* approximates p to t significant digits in base b if t is the largest non-negative integer such that o= <

Ipl
0.5 x b1t

Number of decimal significant digits in decimal representation of float: 0.5 X 21724 ~ 596 x 1078 < 0.5 X 101~7 hence
there are 7 significant digits.

In practice, just round number after t digits.

In general, a number expressed as single-precision float will be approximated to 24 sig digits in binary (unless it is too
big->inf or too small->denormalized).

lp-p*|
Ipl

Three ways to measure error: actual error = p — p*; absolute error = |p — p*|; relative error = (where p # 0). pisthe

actual value and p* is the approximation.

Finite-digit arithmetic: Using three-digit arithmetic -> three significant digits. After every operation, round to three
significant digits.

In general, it is better to sum up numbers with closer magnitude first. Kahan’s algorithm calculates the sum of a list of
numbers more accurately.

Algorithms and numerical error: Numerical error = round-off error + truncation error (when truncating a series)

When doing summation of (infinite) series, we can split the terms into separate series so that we don’t repeat too many
computations.

If g(x) =ay+ b—lbzthen Py=1landQy=0and P, =agand Q; = 1land P, = ay_1Px_1 + by_1Pr_, and Q =
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Ay—1Qx—1 + br_1Qx_» and kth approx. is %.
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Determinant as area of unit object after transformation.
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Cramer’s rule: If A € M,,,, is invertible then the unique solution of Ax=b is x; = fori=1,2,...,n; where 4; is the matrix

obtained by replacing the ith column of A with the column vector b.

a b c
det(ccl 2)=ad—bc;det<d e f)=aei+bfg+6dh—afh—bdi—ceg
g h i

Gaussian elimination. O(n”3). Have to pick a pivot row whose element is nonzero. Swapping can be O(1) if we use an
additional layer of indirection (i.e. maintain an array of indices).

Cramer’s rule vs Gaussian elimination: Difference is just that n-digit arithmetic may produce different results. For 2x2
matrices, the Gaussian elimination is usually more accurate (lesser residual) than Cramer’s rule. Both are O(n”3) but
Gaussian elim has lower constant factor.

(n-1)*n*(n+1)/3 subs/mults in Gaussian elim; (n-1)*n/2 divs in Gaussian elim.



Pivoting strategies for gaussian elimination (because it is dangerous to check whether a float equals to zero):

e Partial pivoting: Find the entry with largest magnitude in the pivot column.

e Complete pivoting: Find the entry with largest magnitude in the whole matrix, and eliminate that column first.

e Scaled partial pivoting: Find the entry with largest (<magnitude of entry>/<largest magnitude in whole row>).
Takes extra O(n) divisions per pivot, and O(n”2) comparisons per pivot, so the total is O(n”2) divisions and
O(n”"3) comparisons.

e Scaled partial pivoting, but only scale once: Before running gaussian elimination, determine the scaling factor of
each row (i.e. largest element in the row) once, and use those factors for the whole gaussian elimination
algorithm. O(n”2) additional operations, but might have greater error.

Gaussian elimination to find the determinant — after getting an upper triangular matrix, the determinant is the product of
the diagonal entries. In any upper or lower triangular matrix, the determinant is the product of the diagonal entries.

LU Matrix factorisation: Two row operations:

e E; « E; —my;E; (multiply the i row by m;; (ratio of values of pivot column in i"" row to j*" row) and subtract the
result from the i row, and i > j)
o Equivalent to left-multiplying (I — mijeiejT) to the augmented matrix
= Lower-triangular matrix with all diagonal entries equal 1, and all non-diagonal entries equal 0
except its (i, j)-element is —m;;.
e E; & Ej (exchange i"" row with j* row)
o Equivalent to left-multiplying (I —(e; —e;)(e; — ej)T) to the augmented matrix
=  Symmetric matrix with diagonal entries equal 1, except (i, i)-element and (j, j)-element equal 0; all
non-diagonal entries equal 0, except (i, j)-element and (j, i)-element equal 1
e ..where e; is the vector (0, ...,0,1,0, ...,0)T whose i*" entry is nonzero

Theorem 1: From the same row Ej, can eliminate pivot element in all subsequent rows E; with a single matrix:
Suppose j € [1,n — 1] and iy, iy, ..., ix € [j + 1,n], then [T¥_, (1 — mirjeiref) =1-(2k_, mirjeir)e]-T.
T
Letm; := (0, w0,Myy j, ...,mnj) =yk_, m;_je; . Hence (]_[]1-=n_1(1 — mjejT))A = U. (Ais the original matrix, U is the
row-echelon form.)
Theorem 2: Can reverse the multi-row elimination operation:
T -1
Suppose j < n, and m; = (0,...0,Mj11j, ..., Mp;) = 2K_;m; e; then (I — mjejT) =1+ mjejT).
_ -1 T
Hence A = ([T}Z} (I + m;e]))U.

Theorem 3: Suppose i; < i, < -+ < i, <nandforanyj=1,...,k, m;isan n-dimensional column vector whose first i;

components are zero. Then H;{=1 (1 + mjeiTj) =1+ Z;lejeg;. Hence A = (1 + Z§=1mjez;) U.

Theorem 4: If a linear system with coefficient matrix A can be solved by gaussian elimination without pivoting, then there

exists a unique unit lower-triangular matrix (i.e. main diagonal has all 1) L such that U = L™'A4 is an upper-triangular matrix.
_ k T

Actually L = (I + X1 mjel-].).

After computing U and L in O(n”3), we can solve Ax=b in O(n”2) by solving Ly=b and Ux=y (it is O(n"2) to do backward
substitution on a triangular matrix).

Lagrange interpolation: Finding the unique polynomial of degree<n that passes through n+1 points:

(xO' f(xo))r (le f(xl))' e (xn' f(xn))

1 x - xp\ /% f(xo)
vee xI a
To find the polynomial, we solve for the coefficients ag, a4, ..., a, in 1 le . le :1 = f(fcl) .
1 x o x n f(xn)

The matrix in the expression above is a Vandermonde matrix. Vandermonde matrix with distinct xg, x4, ..., x;, are linearly
independent (and have determinant = H05i<j5n(xj - xi)), hence the solution exists and is unique.



(x=x0) - (X=Xk—1) (X —=X41)-(X—Xn)
(=) (X —=Xk—1) (Xe=Xk+1) "+ (X —%n)
Then the unique polynomial is B, (x) = yoLo(x) + y1L1(x) + -+ + y, L, (x).

Lagrange basis polynomial: L, (x) = At x = x, L (x) = 1; at all other x;, L, (x;) = 0.

Error analysis of Lagrange interpolating polynomial:

£ D)
(n+1)!

To find the maximum error (as a function of x), find the maximum value of |f(n+1) (E)| in the required interval.

Thm: 3¢ € (min{x, xg, x4, ..., Xp }, max{x, xy, X1, ..., X, }) s.t. f(x) = B,(x) + (x — x9)(x — x1) ... (x — x).

Divided differences: 0™ divided difference: f[x] := f(x). n'" divided difference: f[x, ..., X, ] = ACER Y JE2 R S

Xn—Xo

(Note: f[xg, ..., x,] is independent of the order of xy, ..., x;)
Then B, (x) = flxo] + flxo, x1]1(x — x0) + -+ + f[x0, %1, o, 2] (x — x0) (x — x1) . (x — Xp_1)-

(Modified) Horner’s method:

Py(x) = flxo] + (x — xo)(f[xo»xﬂ + (x = 1) (f[x0, %1, X2] + -+ (x — xn-1) (f [%0, X1, e, X5 ]) -..))
(i.e. can evaluate the polynomial at any x in O(n))

Runge’s phenomenon: When using more points for Lagrange interpolation yields worse results.
1

1+25x2

Runge’s function: f(x) = (in general, when |f(”)(x)| increases rapidly as n increases, Lagrange interpolation might

not work)

Cubic spline interpolation: Given xg, X, ..., X, and f(x), f(x1), ..., f (x,), want to find S(x)

o S(xx) = f(xg)forallk=0,1,..,n

e S(x)is piecewise cubic in each range [x;_q, xx]

e S(x)is second-order differentiable

e Either S""(xy) = S"(x,) = 0 (natural) or S’ (xy) = f'(x0),S'(x,) = f'(x,) (clamped)

— 3 _ 3
Then S (x) = My_, @) g, EXeea)” Agx + By, (since S}/ (x) is linear, and My, = S"' (x))

6(xg—1—Xk) K 6(ck—xx—1)
where Ay = [~/ Chen) 1 (My — My_1)(xx — x—1) and By, = XS =)~ () + = (Myxg—1 — My_12) (X — Xp—1)
Xk—Xk—1 6 Xrk—Xk—-1 6
(1 2 \[
o 2 A M,

For natural boundary conditions, My, M5, ..., M,,_; is the solution for " . 2 .
3 . n—2 :
\ Un—1 2 / MTL—l
6f [xo, x1, %2 ]

6f[X1,X2,X3] and MO — Mn =0.

6f [xn—z' Xn—1, xn]

2 A My 61 [x0, X0, X1]
2 A
For clamped boundary conditions, My, M4, ..., M,, is the solution for H1 " .1 N 1\/:[1 = 6f[x0,.x1,x2] ,
2 " n-1 : :
Un 2 Mn 6f[xn—1: Xn xn]
where f[xg,%0] = f'(%0), Ao = tty, = 1, and py, = —K%=2_ and ), = K15k
Xk+1~Xk-1 Xk+1~Xk-1

Least squares approximation: Given m points, find a polynomial p,, (x) minimising Y72 (p, (x;) — ¥;)?.

1 xo . x{)l
cee n

(equivalently, want to find a = (aq, ..., a,)T minimising (Xa —y)7(Xa — y) where X = 1 le . x,l )
1 xm cee x‘rr'l’L

Thm: aminimises (Xa—y)"(Xa—y) < (XTX)a = (XTy) (called the normal equation).

Weighted least squares approximation: Given m points, find a polynomial p,, (x) minimising X7, w; (p, (x;) — y:)?.
(equivalently, want to minimise (Xa — y)"W (Xa — y) where W := diag{wy, ..., wy,}).

To do so, minimise (\/WXa — \/Wy)T(\/WXa — \/Wy) where VIV := diag{\/WO, ...,\/w_n};
i.e.solve (X"X)a = (XTy) where X = VWX and § = VWy.

Trapezoidal rule: f:f(x)dx = b;—a(f(a) + f(b)) — %(b — a)3f" (&) for some £ € [a, b].




Simpson’s rule: f;f(x)dx = —(f(a) +4f (a+b) + f(b)) L ( . ) f® (&) for some € € [a, b].

Newton-Cotes formulas:

n+2 c(n+1) -
For odd n, f;f(x)dx = Yroowif (x) + Ll (g)f s(s—1)..(s —n)ds, where h := bn—a = Xp — Xg—1;

(n+1)!
n+3 g(n+2) -
For even n, f;f(x)dx = n_o wif () + %Zy@fn s?(s — 1) ...(s — n)ds, where h := bn—a = Xp — Xp_1;
b
where wy = [ "Ly (x)dx = f [Tjefo, k—1k+1,., n}x L dx.

Trapezoidal rule & Simpson’s rule are special cases of Newton-Cotes formulas (where n=1 & n=2 respectively).

Degree of accuracy: The integer n s.t. all polynomials with degree<n will have exact numerical integration.
Trapezoidal rule = 1, Simpson’s rule = 3, Newton-Cotes (odd n) = n, Newton-Cotes (even n) = n+1

Composite trapezoidal rule: f;f(x)dx =h (lf(xo) + YR f () + lf(xn)) - h—3 ret [ (&)
If f € C? (on [a,b]) then fff(x)dx = ( flxo) + X021 FOxq) += f( n)) B-a)h a)h ———f""(&é) forsome ¢ € [a, b].

It has second-order convergence because the error term is proportlonal to h2.

Composite Simpson’s rule: If nisevenand f € C* then

J7 PG = 2(£(@) + £ (5) + 252, Fea) + 4T, feaes)) ~ S2HAOE) for some £ € [, b].

Contraction mapping: Function g: [a, b] = [a, b] where 3k < 1 suchthat Vx,y € [a, b], |g(x) — gW)| < klx — y|.

Every contraction mapping has a unique fixed point.
Vx € [a, b], applying x « g(x) repeatedly will form a sequence whose limit is the fixed point.

If 3k < 1 such that Vx € (a,b),|g’(x)| < k, then g(x) is a contraction mapping.

Fixed-point iteration: Given f(x) = 0, we can define g(x) = x + B(x)f(x) for some nonzero function §3, and solve f(x) =
0 by finding the fixed point of g(x).

f(xn)
f,(xn)

Newton’s method: Also finding the solution for f(x) = 0, but do x,, 41 = x, —

Thm: If f € C? (on [a, b]) and 3x* € (a, b) such that f(x*) = 0 and f'(x*) # 0, then 38 > 0 such that Vx, €
[x* — &,x* + 8], the sequence {x,, } generated using Newton’s method tends to x*.

Matrix definitions:

e Symmetric matrix: A = AT

e Orthogonal matrix: Q7Q =1 (or QQT = 1) (or QT = Q1)

e Diagonal matrix: All entries that are not on the main diagonal are zero

e Upper triangular matrix: A square matrix such thata;; =0 Vi> j.

e Lower triangular matrix: A square matrix such thata;; =0 Vi <j.

e Positive definite matrix: For every nonzero column vector z, zT Mz > 0.

e Positive semi-definite matrix: For every nonzero column vector z, zT Mz > 0.

e Negative definite matrix: For every nonzero column vector z, zT Mz < 0.

e Negative semi-definite matrix: For every nonzero column vector z, zTMz < 0.

e Indefinite matrix: A matrix that is not positive semi-definite and not negative semi-definite.

e Eigenvalues of a triangular matrix are its diagonal entries

e The product of the eigenvalues of a matrix is the determinant

e The sum of the eigenvalues of a matrix is the trace

e Symmetric matrices have all eigenvalues, and corresponding eigenvectors are mutually orthogonal



